DOI: 10.6060/ivkkt.20216410.6387
VJIK: 536.212.3

MOJIEJIMPOBAHUE INPOLECCOB TEILIOIIPOBOJHOCTHU U TUDODY3UN
B TEJAX KAHOHUYECKOM ®OPMbI C IPUMEHEHUEM METOJIA «MUKPOIIPOIIECCOB»
JIJISI OBJIACTH MAJIBIX 3HAUEHUM YN CJIA ®YPBHE

C.B. ®enocos, M.O. bakanos

Cepreit Bukropopua demnocon

Kadenpa TexHonoruu BsHKyIux BeniecTB U 0eToHOB, HalmoHansHBIN UccaenoBaTenbcKuii MOCKOBCKUH TOCy-
JIAPCTBEHHBIN CTPOUTENBHBIA YHUBEPCUTET, SIpocnaBckoe mocce, 26, Mocksa, Poccutickas @eneparms, 129337
TTOBOIDKCKHI TOCYIapCTBEHHBII TeXHUUECKHiT YHUBEpCHTeT, 1. Jlennna, 3, Momkap-Ona, Pecry6mika Mapuit D,
Poccuiickas @eaeparnus, 424000

E-mail: FedosovSV@mgsu.ru

MaxkcuMm Osnerosuu bakanos*

Kadenpa moxxapHO TaKTHKH U OCHOB aBapUTHO-CIIACATEIbHBIX U APYTUX HEOTIOKHBIX padboT (B coctaBe YHK
«Iloxapotymenue»), IBanoBckas noxkapHo-crnacarenbHas akagemus ['TIC MYC Poccuu, np-t Ctpoureneii, 33,
NBanoso, Poccuiickas ®@eneparnus, 153011

E-mail: mask-13@mail.ru*

B pabome npedocmasnensl Kpaegvle 3a0auu menionepenoca (MacconepeHoca) 01a nia-
CMUHbBL, WAPA U YUTUHOPA NPU PAGHOMEPHOM HAYUAIbHOM DACHDPedesleHUN memnepamyp 6 be3pas-
MepHbix nepemennvix. Ilenvto nacmoaweit pabomol A613aemca U3N0HCEHUE NPUHYUNOE NOJIYYEHUS
peuienuil Kpaegolx 3a0ay 011 0o0J1ee 00uux ZPAHUYHBIX YC108UIL — YCOBULL mMpembezo pood. B xooe
npeobpazosanus Jlannaca, no épemennoii nepemennoii @ypve, 6 pabome HOKA3AHbL 3AGUCUMOCHIU 8
odnacmu uzooparicenuil 01 mesi KAHOHUYECKOU hopmbl: naacmunsl, yuaunopa u wapa. Taxsce
npueeoenvl peuienua 6 001acmu U300paX>cenuil U KOMRIEKCHbIX nepemMennblX. YKazano, umo 01
NIAQCMUHDBL ZPAHUYHbBLE YCT06UA AGNAIOMCA 00WUMU 013 3A0ay MENI0NPOGOOHOCIU U OUupdy3uu:
npu kpumepuu buo, cmpemawemcs K HyJi10, OHU REPEXOOAN 8 YCIIOGUA 6MOPO20 POOd, d HPU KPUMe-
puu buo, cmpemawemca Kk 6eckoneunocmu, nepexooam 8 ycji08usn nepeozo pooa. /Ina pewienusa Kpa-
e6bIX 3a0ay menuo- U macconepenoca 01 oonacmu manvix 3Hauenuil yucen Dypve ¢ padbome yKa-
3aHbl ceolicmea zunepoouieckux YYHKYuil, 6 pe3yivmame 4ezo NPUEeOeHbl OKOHUamelbHble peule-
HUA TUHEIIHBIX HEOOHOPOOHBIX OUhepeHyuanbRbIX ypagHeHuil 6mopo2o nopaoxka. B paoome npeo-
CMAGIeHbl HOMOZPAMMDbL DE3PA3MEPHOI MEMNEPAMYPbL HOGEPXHOCHIU Mela 6 3a8UCUMOCHI OM 3HA-
yenuii yucen buo u @ypve npu KoHKpemHbIx 3navenusx uucia buo ona nosepxnocmeit nnracmunul,
wapa u yuiuHopa, KOmopsle H0360A10M C NOMOULbIO RPOCHBIX 2e0MEeMPUYECKUX Onepauuil uccie-
0oeamp YyHKyuoHAIbHbIE 308UCUMOCIU §€3 2POMO3OKUX BLIUUCTCHUI NPU MATBIX 3HAYEHUAX YUCTA
Dypve, umo cnocodcmeyem UCKIIOUEHUIO OWUOKU RPU PEaTU3AUUU MEMOO08 paciuema ¢ UCno1b30-
6aHUEM (30HANIbLHO20)» MEMOOA U MEMOOA (MUKPONPOUECCOB).

KaroueBsle cioBa: TepMudeckas o0padOTKa, TEIUIOMACCONEPEHOC, IIACTHHA, IFIIMHAP, cdepa, «30HATb-
HBII» METOJI, METOJI KMHUKPOIIPOIIECCOBY, MaJIbIe 3HaUeHUS unciia Oypre
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This paper presents a number of boundary value problems of heat transfer (mass transfer)
for a plate, a sphere and a cylinder with a uniform initial temperature distribution in dimensionless
variables. The purpose of this paper is to present the principles of obtaining solutions for boundary
value problems for more general boundary conditions — the third-kind boundary conditions. When
applying the Laplace transform and using the Fourier transform, we show in this paper the de-
pendences in the area of images for the bodies of canonical shape: a plate, a cylinder, and a sphere.
Several solutions in the area of images and complex variables have also been given. It is pointed
out that the boundary conditions for a plate are common for the problems of heat conduction and
diffusion. If the Biot number tends towards zero, they change into the second-kind boundary con-
ditions. And if the Biot number tends towards infinity, they change into the conditions of the first
kind. To solve the boundary value problems of heat and mass transfer in the area of small values
of Fourier numbers, we have indicated the properties of hyperbolic functions and presented the
final solutions to inhomogeneous second-order differential equations. The paper presents some
nomograms of dimensionless body surface temperature depending on the values of the Biot and
Fourier numbers for specific values of the Biot number for the surfaces of a plate, sphere and
cylinder, which allow us, by means of simple geometric operations, to study the functional depend-
ences without cumbersome calculations for small values of the Fourier number, which contributes
to eliminating errors in implementing the calculation methods using the **'zonal'* and *"*micro-pro-
cesses'" methods.

Key words: heat treatment, heat and mass transfer, plate, cylinder, sphere, "zonal" method, "micro-
processes™ method, low Fourier numbers
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INTRODUCTION the so_lutlo_ns to many problems _of thermql cond_uctlv!ty

) and diffusion for bodies of various configurations, in-

Our paper [1] considers some cases of synthe-  cluding canonical bodies, have been provided. In this

sis of mathematical models of heat and mass transfer  respect, we can note two fundamental points. First, the
processes in canonical bodies (plate, cylinder, sphere).  solutions obtained in the form of Fourier series are typ-
The issue has been considered with regard to the prob- jcal for problems with uneven initial distributions of
lems of thermal CondUCUVlty and diffusion in solids. At heat and mass transfer potentia|s_ In the case of uni-
the same time, to simplify calculations (transfor-  form initial distributions, special cases for uniform in-
mations), we consider some problems with boundary ijtjal conditions are easily obtained from the solutions

conditions of the first kind [2]. _ previously obtained. However, no solutions for low
In this case, the law of change in the transfer  Fourier numbers are given. (Fo, For<0,1).

potential (heat and mass transfer) at the boundary of a At the same time, as it has been multiple times

solid body with its environment is set. noted in professional publications [3], the solutions in

_ In [1], expressions for calculating temperature the form of Fourier series have an "unpleasant” feature:
fields depending on the thermophysical parameters, as 45 the process time decreases, the numerical values of
well as the fields of mass transfer potentials, are given. e Foyrier criteria that characterize the similarity of

_ In the fundamental monograph of Academi-  qhgationary heat and mass transfer processes (Fon,
cian A.V. Lykov and Professor Yu.A. Mikhailov [2],
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Fom) also decrease. This, in turn, leads to an increase
in the number of members of the infinite series and to
calculation error accumulation. The principal values of
these factors are obtained when implementing calcula-
tion methods using the "zonal" method [6-9] and the
"micro-processes" method [3].

METHODS OF THEORETICAL ANALYSIS

In the dimensionless variables assigned, the
boundary value problem of heat transfer will take the
following form:

d0(X,Fo) _ 0%0(X, Fo)

- Fo>0. o0<x<1 (1)

oFo ox?

0(x.0)=1, ()
Mzo- 3

oX ’
00(LFo) . 4
~ = Bi-6(LFo). 4
o(x, Fo) = e —0(1), {Fo="";Bi _OR X (5)

e(:_90 R A R

where o is the heat transfer coefficient, — e(x 7) is
the value of temperature, 6. — ambient temperature
(K); 60— initial material temperature, (K); R — half plate
thickness, cylinder radius, spheres (m); A — thermal

conductivity of body material, ( ) Boundary condi-

tion (3) is a symmetry condltlon

Note, however, that it can also be 6 (x, Fo)=2

sin [, -cos(l,X)- (1, -cosp, + Bi-sinp,)

The return from the area of images to the area
of originals is performed by the formula in accordance
with the second decomposition theorem [11]:

0(X,Fo)=L"[0(X,5)]= 90 Z (( ))exp(s Fo). (10)

v'(0)

Here: ¢(s)and y'(s) are, respectively, the
functions that appear in the numerator and denomina-
tor (11).

When solving this equation with boundary con-
ditions (8), (9) and omitting any simple but cumbersome
transformations, we write down the solution in the im-
age domain with respect to the complex variable s:

 en(dew
0(X,s)= «E(ﬂ( )) (J_ ch/s + Bi- sh\/_)jch(\/_g)d§+( 1)
A(s) %
5 A(s )f Shs(x-E)de

Here: /Z(s)sz-ch\/E+\/§-sh\/_=O. (12)
Let us pay attention to the fact that the bound-
ary condition (9) is common for the problems of ther-
mal conductivity and diffusion. For Bi — 0, it passes
into a condition of the second kind, and for Bi — oo, it
passes into a condition of the first kind [2].
As a result of mathematical transformations
performed (10), it takes the following final form:

ud
¥ 8

successfully used to solve prob- L

lems of thermal conductivity of a
plate on a thermally insulated substrate.
Accordingly, for mass transfer prob-
lems, by analogy, we can write:
0, (X, Fom)—iom Om (X'T);Fom :ﬁ;Bim B—
eOm 9c,m R k

where g is the mass transfer co-

=X (6)
"R

sifi Wy, - €S (U, X} (U, - cosl,, + Bi,

.y 2
W [(Bi+1)sinp, +p,-cosp, | exp( Hon FO)'(B)

In the expression obtained, the quantity u,, de-
fines the set of roots of the characteristic equation:
ctgun E (14)
Similarly, for the boundary value problem for
mass transfer, the following expression will be provided:

-sin i, )
e

efficient, m/s; k is the mass con- e(f:ﬁm)=2§
ductivity ~ coefficient, m?/s, m=1
Om(x,7) is the value of mass con-
tents, 6pm — mMass content of solid phase at the initial
moment of time, (kg/kg); 6.m — equilibrium mass con-
tent at the interface, (kg/kg).

Applying to the system of equations
(1) — (4) Laplace transformations [10] with respect to
the time variable Fo [3], we can write:

dzg(_)_(’s)—se()‘(,s)ﬂ:o; @)
S dx

de(Ls)
&~ BiT(Ls). ©))

The equation (7) is a linear inhomogeneous
second-order differential equation [11].

80

W [(Bip +1)sinpt,, + 1L, -cosp,, |

xp (—uszom:l. (15)

In the dimensionless variables assigned, the
boundary value problem of heat transfer with uniform
initial temperature distribution in a cylinder will take
the following form:

0(r,Fo) _a%(T, Fo) , 1 0(T,Fo). e,
o R Fo>0; 0<7<1(16)
0(r,0)=1. 17)

The boundary conditions for a problem of heat
transfer with uniform initial temperature distribution in
a cylinder are similar (8), (9).

_ 0c-06(r,t)., _ r. art . aR
e(r’Fo):76C—(90 ), r=x FO:?: B':T-(].S)

Accordingly, for mass transfer problems, by
analogy, the subscript “m” will be added.
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Again, omitting any cumbersome transfor-
mations, we present down the solution in the image do-
main with respect to the complex variable s:

Bi-l,(vsr
o(F,5) -1 =— O(f_) .
S| Vsl () +Bilg (45)

Here: 15(J5) 1o(/57): lh(/s) 1(s) — Bes-
sel functions of the first kind from a purely imaginary
argument of zero order (a modified Bes-
sel function of the first kind of zero order)
[12-14].

Applying the inverse Laplace
transform procedure [12] to the obtained

(19)

B(x, Fr:l)—

S.V. Fedosov, M.O. Bakanov

of low Fourier numbers, it is necessary to use the fol-
lowing properties of hyperbolic functions [15]:

ch«/_——( eV 4o V"F)—;e‘f sh«/_——( el f)— e (25)
chysx = ( e ye \[X) shy/sx = ( e_‘ﬁi) (26)

As a result, expressions (11), (19), (23) are
converted to the form:
- a plate (Fig. 1):

e

1

expression again, we obtain a solution in ~ ) 2
the area of originals for a cylinder: Biexp(Bi* Fﬂ)£ (Oxexp[BiC =7 k| k—u'_ Bw’ﬁ)aﬁ, 27
J (I.,Lni) -
F,Fo 25.20— exp(—p2Fo). - a cylinder (Fig. 3):
8(r.Fo)= n=1J (Hn)(Bl + U, ) ( ) i i
(20)  ory-—t j 1q @{m[ i @‘}_ap[_m}dg_
Here: Jo(un), Jo(u,F) are the usual o ? e e
Bessel functions defined in professional publi- —%j —Gc(i)exp[ﬂﬂ F—£)+Bi Fo:|gﬁ|:(—2j_ = BiyfFo }Jg (28)
cations, for example [13, 14]. 0
Again, we note that the solution of the mass - a sphere (Fig. 2):
transfer problem will be similar. In .
this case, the quantity “m" be- gp rg_ L { " (i)&xp{_(F:é)J}_ - @exp[_@:?—éf}di}_
comes the subscript for the quanti- 7 JFo o 4o TE i 4o
ties u, Bi, Fo. :
In the dimensionless varia- _(:)(Bi__l)exp (Bi-1)*Fo |[ 8 O exp[Bi-10227 - &)]efe _2:’7_5-_(35_1)\!% de. 29
bles assigned, the boundary value g [ ]i ’ [ 2Fo ] @9
problem of heat transfer with uni- The notation applies here:
form initial temperature distribution for a sphere will () A(FB) = +A(-B) — A(+B). (30)

take the following form:
26(T,Fo) _4°0(T,Fo) 2 40(T,Fo). C<rer (21
o = i trogr i Fo>0 o<t <1:(21)
0(F,0)=1. (22)

The boundary conditions for a problem of heat
transfer with uniform initial temperature distribution
for a sphere are similar (8), (9).

Omitting any cumbersome transformations,
we present down the solution in the image domain with
respect to the complex variable s:

i sh(ysr
o(r.s)= 1~ B SNCET)
S T s-9,(5)

Applying the inverse Laplace transform proce-
dure [12] to the resulting expression, we obtain a solu-
tion in the area of originals for a sphere:

2Bi ¥ sin(p,N) 2
0(r,Fo)="= 2 sing, - Bi-cosiL, )exp( uiFo).(24)
SOLUTION FOR THE RANGE OF LOW FOURIER
NUMBERS

(23)

In order to obtain a solution to the boundary
value problems of heat and mass transfer for the range

ChemChemTech. 2021. V. 64. N 10

RESULTS AND DISCUSSION

As previously noted, the solutions to heat con-
duction and diffusion problems for solid bodies, in-
cluding canonical ones, are obtained in the form of
Fourier series [16-20], which is typical for the condi-
tions with an uneven initial distribution of potentials of
heat and mass transfer, but no solutions for the range
of low Fourier numbers are given in appropriate
sources. However, the shorter is the process time, the
smaller are the numerical values of the Fourier criteria
and thus there are more members of the infinite series,
which leads to calculation error accumulation.

This paper presents solutions for bodies of ca-
nonical shape — a plate, a cylinder, and a sphere, and
also it presents some nomograms of dimensionless
body surface temperature depending on the values of
the Biot and Fourier numbers for specific values of the
Bi number. In this case, for simplicity, the calculations
were performed for the conditions of a uniform initial
distribution of the transfer potentials.
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6(Fo, B;)

0.8
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0.2

0 0.02

Fig. 1. Change in the dimensionless temperatures of the surface of
a plate depending on the values of the Biot and Fourier numbers
at Bi: 1) 20; 2) 10; 3) 5;4) 2;5) 1; 6) 0.5; 7) 0.1
Puc. 1. V3amenenue Ge3pa3mMepHOil TeMIIepaTyphl IIOBEPXHOCTH
MJIACTUHBI B 3aBUCUMOCTH OT 3HaueHui uucen buo nu ®ypoe npu
Bi: 1) 20; 2) 10; 3) 5; 4) 2; 5) 1;6) 0,5; 7) 0,1

The nomograms allow us, using simple geo-
metric operations (e.g., applying a ruler), to study the
functional dependences of temperature on the surface
of canonical bodies depending on the values of the Biot
and Fourier numbers without performing any cumber-
some calculations for low Fourier numbers, which con-
tributes to the elimination of errors in the implementa-
tion of calculation methods using the «zonal» method
[6-9] and the «micro-processes» method [3].
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Fig. 2. Change in dimensionless temperatures of the surface of a
ball depending on the Biot and Fourier numbers at Bi: 1) 20; 2) 10;
3)5;4)2;5)1;6)0.5;7)0.1
Puc. 2. 3ameHenue Oe3pa3MepHBIX TEMIIEPATYp MOBEPXHOCTH

mapa B 3aBUCHMOCTH OT urcel bro u @ypee npu Bi: 1) 20; 2) 10;
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Fig. 3. Change in dimensionless temperature of the surface of a
cylinder at Bi: 1) 20; 2) 10; 3) 5;4) 2;5) 1; 6) 0.5; 7) 0.1
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wumHapa npu Bi: 1) 20; 2) 10; 3) 5; 4) 2; 5) 1;6) 0,5; 7) 0,1
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